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Hysteresis in Faraday resonance
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Faraday waves arise on the surface of a liquid in a container that is undergoing vertical
periodic oscillations. Hysteresis occurs when both finite-amplitude solutions and the
flat-surface solution are available. We derive a nonlinear model of Faraday resonance,
extending the Lagrangian method of Miles (1976). The model is used to investigate
hysteresis. The theoretical results are compared to previous experimental studies and
to some new observations. It is found necessary to retain damping and forcing terms
up to third-order in wave amplitude, and also the fifth-order conservative frequency
shift, in order to achieve agreement with experiments. The latter fifth-order term was
omitted from all previous studies of Faraday waves. The lower hysteresis boundary in
forcing-frequency space is found in most cases to be defined by the lower boundary
above which non-trivial stationary points exist. However, the stability of stationary
points and the existence of limit cycles are also found to be factors in determining the
lower hysteresis boundary. Our results also suggest an indirect method for estimating
the coeflicient of cubic damping, which is difficult to obtain either experimentally or
theoretically.

1. Introduction

Faraday resonance is responsible for the excitation of surface waves in a vertically
oscillating container, the name deriving from a paper by Faraday (1831). Benjamin &
Ursell (1954) showed that the linear problem is characterized by Mathieu’s equation.
Miles (1976, 1984, 1993) has studied nonlinear effects, adopting a variational
approach. A good overview of the subject is given by Miles & Henderson (1990).

Hysteresis occurs when constant finite-amplitude solutions and the flat-surface
solution are both available for a particular frequency and amplitude of sinusoidal
forcing, with the observed behaviour being dependent upon the initial conditions. Both
the linear stability boundary of the flat-surface solution and the lower hysteresis
boundary depend on the frequency and the amplitude of the forcing. In the frequency-
amplitude plane, the stability boundary has a hyperbolic shape with its minimum (in
amplitude) at the resonant frequency equal to twice that of the natural water wave
frequency. In this plane, the hysteresis region is the area between the two boundaries.

A mathematical model of Faraday resonance is derived here which captures the
essential features of hysteresis that have been observed in some experiments (Simonelli
& Gollub 1989; Douady 1990; Craik & Armitage 1995). Hysteresis has often been
observed for values of forcing below the minimum value at which the flat-surface
solution is unstable. The lower hysteresis boundary sometimes bifurcates from this
neutral stability curve at a point away from the minimum and the hysteresis lower
boundary is generally curved (figure 1 shows some new experimental observations of
the linear stability boundary and the lower hysteresis boundary, for three neighbouring
modes in a long rectangular tank; see Appendix A). The simple nonlinear theoretical
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FIGURE 1. Experimental results showing acceleration (m s~?) against period (ms) for three neighbouring
modes of 21, 22 and 23 half-wavelengths in a rectangular tank of length 70 cm with a water depth
of 1.3 cm.

model of a single mode by Miles (1976, 1984) has none of these features, in that it
bifurcates from the minimum of the neutral stability curve, has no hysteresis below the
minimum, and is a horizontal straight line (see figure 2(a) discussed below). Later
models by Douady (1990) and Milner (1991) better describe the bifurcation of the
hysteresis boundary from the linear stability boundary and allow hysteresis below the
minimum; but the boundary remains straight and, if extended sufficiently, would meet
the zero forcing axis (see figure 2 () discussed below).

Craik & Armitage (1995) investigated theoretically and experimentally the hysteresis
of two-dimensional Faraday waves in a long rectangular tank. Their theoretical model
yields a variety of more realistic-looking hysteresis regions, though certain terms
neglected (a fifth-order, in wave amplitude, conservative frequency shift, and one of the
third-order forcing terms) in their model are likely to be of comparable size to those
retained. Further, they did not calculate the coefficients of the terms in their equations
for particular experimental configurations but considered instead the general form of
the equations. Accordingly, they did not investigate the dependence of hysteresis upon
depth, surface tension, wavelength, tank dimensions, etc.

The present paper, which follows on from Craik & Armitage (1995), calculates the
various coefficients and provides a more rational derivation of the governing evolution
equation which leads to the retention of the previously omitted fifth-order conservative
frequency shift. We find that this fifth-order conservative term, a third-order forcing
term, and a third-order damping term all combine to yield hysteresis regions similar to
those observed in experiments.

The simplest nonlinear model of Faraday resonance is provided by the equation

A= —pA+iQA+iFA* +iIT|A]PA, (1.1

(see Miles 1976, 1984) where A is the slowly-varying complex wave amplitude; the
overdot denotes a time-derivative, the real constants u, (2, F represent non-dimen-
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FIGURE 2. (a) Hysteresis diagram resulting from (1.1). (b) Hysteresis
diagrams resulting from (1.2).

sionalized linear damping, frequency detuning from resonance, and the amplitude of
the imposed vibrations, and I7 represents the cubic coefficient of nonlinear (Stokes)
frequency modification. Equilibrium solutions with A = 0 give hysteresis as shown in
figure 2(a), with the linear stability criterion F > (2% + x*)"/* and the lower hysteresis
boundary F = u on the left-hand side of the neutral stability boundary if /7 is positive,
and on the right-hand side if I7 is negative.

Douady (1990) and Milner (1991) instead proposed

A=—pA+iQA+iFA* +iIT|APA+d|A’4, (1.2)

which retains a cubic correction to the damping with real coefficient d. However, they
ignore cubic forcing and the firth-order conservative frequency shift that can be of the
same order of magnitude (see later). This produces hysteresis diagrams of the form
shown in figure 2(b) corresponding to d positive and negative, respectively. In the
experiments by Simonelli & Gollub (1989) and Craik & Armitage (1995) hysteresis
diagrams somewhat similar to figure 2(b) (line a) were found, but the lower hysteresis
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boundary turned upwards before reaching the line F = 0 and was curved rather than
straight. Douady (1990) interpreted his observations in terms of figure 2 (b) (line ) (in
fact, he observed no hysteresis in his experiment).

If d <0, then the cubic correction to the damping in (1.2) acts to enhance
dissipation; if it is positive then it will act in opposition to the linear damping term,
reducing dissipation. In the latter case, so long as d|A4|* is sufficiently small, the
combined effect of the two terms is dissipative; however, if d|A4|® exceeds x then the
model clearly breaks down. The coefficient 4 is difficult to calculate or to measure
experimentally. Milner (1991) and Miles (1993) both give expressions for 4 that are
based upon the assumptions of large depth and small wavelength and waveslope, and
that the surface is uncontaminated. However, this is often not the case; in particular,
in the experiments described here and in Craik & Armitage (1995) these assumptions
do not hold. Even the linear damping coefficient x is rather difficult to calculate or to
measure experimentally. Both damping coefficients, # and d, will depend upon viscous
boundary layers at the sidewalls and the bottom of the tank, surface contamination,
etc. (see Miles 1967). However, i and d may be estimated indirectly by comparison of
theory and experimental data, as described in §5.

Miles (1993) and Craik & Armitage (1995) both proposed a model equation that
incorporates third-order forcing and third-order damping terms, namely

A= —pA+iQA+iFA* +iIT|APPA +d|APA +iF(43 + 3|42 4%), (1.3)

and this produces hysteresis somewhat like those in figure 2(b) if F is chosen to be
constant with respect to variations in F (note that an overbar does not denote complex
conjugate). However, the coefficient of cubic-forcing F'is proportional to F and so does
not remain constant as F varies. Craik & Armitage (1995) showed that (1.3) can
produce qualitatively all the observed effects of hysteresis. However, we here argue that
a fifth-order conservative frequency shift may well be of comparable size to the cubic
damping and cubic forcing terms, and so the inclusion of cubic damping and/or cubic
forcing cannot be justified rationally without also retaining a fifth-order conservative
term in |4|*A. Here, as in Miles (1976, 1984), Umeki (1991) and Umeki & Kambe
(1989), a rational theory is developed in terms of a small parameter ¢ which orders the
terms in the governing equations. The cubic corrections to damping and forcing then
appear formally at the same order in ¢ as an |A4|*4 conservative term.

Craik & Armitage (1995) mainly investigate a simplified version of (1.3) with the
1FA? term neglected. This still produces hysteresis qualitatively similar to observations,
while permitting precise analytic description. Miles (1993) mainly considered pattern
selection and did not explicitly obtain the hysteresis boundary.

Retention of cubic damping without the fifth-order conservative term leads to
unrealistic results when d is positive; for then (i) sufficiently large waves grow
indefinitely, and (ii) unless d is very small then not all finite-amplitude states are stable
foci as pointed out by Milner (1991) and Craik (1994).

Miles (1993) gives a formula for the coefficient of cubic forcing F in terms of depth,
wavelength, surface tension and tank geometry, but the equivalent formula calculated
here is not in agreement with this. In fact, Miles omitted the effect of the third harmonic
of the dominant mode and we find that this contributes to the cubic forcing term. Our
result and Miles’ are often, but not always, close numerically.

The experimental work of Craik & Armitage (1995) investigated water depths of
approximately 1 c¢cm and 2 cm, for which the shape of hysteresis regions differed
markedly. Here, in Appendix A, we describe results for the intermediate water depth
of 1.3 cm, using the same apparatus. Figure 1 shows the hysteresis diagram for three
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neighbouring modes in this experiment. These results resemble those of Craik &
Armitage with a depth of 2 cm, but are unlike those at 1 cm. One reason for this is that
the coefficient /7 changes sign at a depth between 1 cm and 1.3 cm.

Our mathematical model is derived using the variational method due to Miles
(1976, 1984, 1993), Umeki & Kambe (1989) and Umeki (1991). Along the way, the
Lagrangian is calculated up to sixth-order in the generalized coordinate for any
discrete set of wave modes in an arbitrary cylinder of cross-section S undergoing
vertical oscillations; previously only fourth-order expansions have been derived (Miles
1976). The initial generality of this derivation potentially allows the fifth-order
conservative terms to be incorporated into other (future) Faraday wave problems (e.g.
mode competition and pattern selection). Here a single two-dimensional mode is
considered, but this restriction is made only towards the end of §2. Examination of a
different geometry or multiple wave interactions up to fifth-order could be done by
using the general Lagrangian given in §2 as the starting point.

The derivation of the evolution equations is described in §3. This was algebraically
very demanding and made extensive use of the symbolic manipulation computer
package MAPLE. The nonlinear evolution equations are arrived at in the form

.g.é = —pA+iQA+iFA* +11| AP A,
.
aAl (1.4)
=5 = NIAPA+IF(A + 3] 4P A% —ih|A]'A,
Ty

where 7, and 7, are separate slow and very slow timescales. The lower hysteresis
boundary is investigated analytically in §4 and computationally in §5, by considering
the existence of finite-amplitude stationary solutions. This allows a comparison
between experimental and theoretical results. Numerical lower hysteresis boundaries
from our model can be directly compared both to experimental observations
and to the corresponding boundaries produced using the simpler model (1.3). This
clearly shows that our model produces lower hysteresis boundaries that are
quantitatively and qualitatively closer to observations than the previous ‘best” model.
Unfortunately, the experiment of Simonelli & Gollub (1989) cannot be described by
our model since they observed three-dimensional waves and we have only considered
two-dimensional waves here, though broad qualitative agreement is obtained.
However, we anticipate that quantitative agreement can be achieved with a three-
dimensional model similar to that of (1.4).

The numerical solutions also indirectly give estimates for the coefficient of cubic
damping. This is achieved by choosing the coefficient so that the experimental and
theoretical lower hysteresis boundaries are as close as possible (described later).

The stability of finite-amplitude solutions is investigated in §6. In some cases this
leads to a revised theoretical prediction of the lower hysteresis boundary. Also time-
dependent solutions of the evolution equation are briefly discussed. It is found that for
the 2 cm depth experiment, the hysteresis region contains small stable limit cycles as
well as stable stationary points: these limit cycles represent standing waves with
amplitudes that experience a (small) slow oscillation on top of the fast sinusoidal
oscillation at the basic frequency. This modulation of the wave amplitude would be
difficult to observe experimentally with the present apparatus because the amplitude of
the slow oscillation is never more than 10-20 % of the amplitude of the fast oscillation,
and the latter amplitude is only a few millimetres. Further experimental work is needed
with more accurate equipment to investigate these stable limit cycles.
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Finally, a word on terminology. The lower hysteresis boundary is the theoretical
lower boundary above which non-trivial solutions (stationary or time-oscillatory) exist
and are stable. We will show that this usually coincides with the boundary above which
non-trivial stationary points exist, since these stationary points are normally, but not
invariably, stable. Sections 4 and 5 are concerned with calculating this boundary.
However, as discussed in §6, the boundary above which non-trivial stationary points
are stable is sometimes distinct from the boundary above which non-trivial stationary
points exist, and in this case, the lower stability boundary is the appropriate lower
hysteresis boundary.

2. Derivation of generalized Lagrangian

Consider capillary—gravity surface waves of an inviscid liquid of density p in a closed
cylindrical container of cross-section S and depth d. Let (x, y, z) be the coordinates in
a reference frame fixed in the container, with the bottom being identified as the plane
z=—d, and S being independent of z. Let n be the outward normal to the fluid
boundary, and let the free surface be denoted by z = #(x, y, ). Assuming that the fluid
motion is irrotational, it may be represented by the velocity potential ¢(x, y, z, ) where
V¢ is the fluid velocity.

Following Miles (1976), the governing evolution equations can be derived using the
Lagrangian method by applying the variational principle. The dynamic boundary
condition is not explicitly used, but is instead incorporated intrinsically as part of the
variational principle. The kinematical boundary-value problem is

Vi¢p =0, (x,y)eS, —d<z<ny,

2.1
n-V¢ = 0 on container, ¢,—Vy-Vp=19, on z=ny. @

This can be derived from the variational problem

1
SI= EJJ (Vo)? dez—f (#);—, 7, dS, (2.2)
with respect to variations d¢ of ¢ for given .
Now take

X0, 0 = 0,0 Ya(x,2),  ¢x,p,2,0) = ¢, (D) xu(x, ¥, 2), (2.3a,b)

where 7,, and ¢, are generalized coordinates, {k,} are the eigenvalues and {¢,,} and {y,,}
are the eigenfunctions from

(V*+k2) oy, =0, n-Vy, =0 on s, (2.4a,b)

f UnthndS=0,,5, k, =k, Q4c,d)

Xn(%,,2) = ¥, (x,y)sech (k,d)cosh {k,(z+d)}, nnotsummed, (2.4e)

and §,,, is the Kronecker delta function.
Repeated indices are summed over the set of eigenfunctions except where stated.
Substituting (2.3) into (2.2) gives
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where
d,, =5 H(xn)ﬁmds, Jon = S f J ds f Vi Vxodz.  (26)
-d

Applying the variational principle to (2.5) (by making 7 stationary with respect to
variations in ¢) gives
¢7L = nm ﬁm’ (2'7)

Substituting (2.34) and (2.4¢) into (2.6) and expanding about z = 0 using Taylor’s
theorem gives (see appendix of Miles 1976)

where

dn = Omnt Crmndn M+ 3C imn ka0 A §CisimnTn ko 005,
+ 2 Chisimn Kn MMM+ .oy (2.9)
Jmn = Omnim+ (Comnimint Dimn) M +%[lemn(jm K+ ki) + DjymnUm + i)l m5m,
FHCisimnUnmn ki ¥ i dn ko 4 2k35, k2) 4 Dy (ki + K2+ 20 F ) 11051
+ 2 CrisimnUn Kon + 3m ko Ko+ 370 k3, Ko+ K7)
+DyiiimnUm K+ 3 ki + 3 ki F i K 0 i+ - (2.10)

where
Jn = k,tanh (k, d),

Conn =57 [ [UiatadS. e =57 [[Wpiurats e

(2.11)
Dypp=S" H% vy, - Vy, ds, D,.m:S—lf V0 VY, Vy,dS  etc.

This now allows /,,,, to be calculated explicitly up to the term in 7, %, 9, 7, from (2.8),
though the result is very complicated and is not given here.

The dynamical problem is now considered by constructing the Lagrangian. The
kinetic energy of the fluid is described by

T=1p M(vw 454z = 208 b b = 505 i i 2.12)
where
apy = dyy 1. 2.13)

Substituting (2.9) and the expression for /,,, into (2.13) gives

Ay = Omn G+ A M+ %ajlmn ;M + %az'jlmn MM +ﬁam’j1mn MMMt (2.14)

where

a, =j., 2.15)

G = Crmn—Dimn A Qs (2.16)

Qymn =~ Djyma@n+a,)+2D;,, Dy, 00,0, a,, 2.17)
ijimn =~ 2Cimu ki Koy O @y — Dijlmn{(kfn +ki)a,a,+2}

+3D;jpng Dy an(a,+ay,)+3D;y,, Dyyyanla, +a,)
+3C;yn Dimgk2 a,,0,+3C;,,, D

2
jlgn ~imgVn jlmg ignkm an an

- 6Dlnf Dimg Am an(ag afDiyf + Cfiy)' (2.18)
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The lengthy expression (2.19) for a,,;;,,,,, which is about six times longer than that
for a;;;,,,, 18 not given here: a copy may be obtained from the authors or from the
editor. In the above expressions and in (2.19) the summing convention may at first
appear complicated, but is quite straightforward. For example in (2.18), i,/,/,m and n
(which appear on the left-hand side) are not summed, while fand g (which do not) are
summed over the set of participating modes.

In §3, where a single primary two-dimensional mode will be considered (along with
its second and third harmonics), these considerably simplify using eigenfunctions and
eigenvectors given by (3.13) and (3.14), respectively. The required non-trivial constants
will then be

2k2al 2) a211 (1+k% %

g = 1oy = \/2( \/2

dyo3 = Q139 = \/2( — 6k} a,ay), Q) = Ay = —5(1-3kia,ay), (2.20)

\/2
1 2
A3y = dg10 = \/2(1 +2k3 a, ay),

ayyy, = kia,(dkta,a,— 1),  ayyy, = 4kiay(kia,a,—2+9k1a,ay),

— L2 2 2 2 — — 4 4 .2
Qo = K2a, (kia]—24+9k1a,a,), ay1p = Gyg9; = 18k 0y a,a,—2k] ai a,,

(2.21)
A3 = Gz = 12k} 144,43~ k%(al +a,),
Aygyy = g1y = K5 ay(1 _4k1 a, a,), J
A1z = 11y = \/2 —— k¥4 —49k%a, a,+ 24k} atai— 2Tk  a,a,+ 216k1 a, ak a,),

a0 = V' 2kia,Ba, +%a,+ 6k} a a,— 54k a, a, a,),
Ao = 4'\/2](;1 a1=
(2.22)
Ayq1y = V2k1a,(—4a, +3a,+6k% a% a,— 54k a, a, a,),

2
_ st g S g 9k———200k“ 2 0.+ 216Kk a, a, a,+ 96K* a® a2+ 864K a a2 a,.

A1
(2.23)

The potential energy due to the free-surface displacement is

N
- pﬂds f (8+2)2dz = 4pS(g+2) 4 e (2.24)
1]

where p is the density of the liquid, g is the acceleration due to gravity and Z, is the
vertical acceleration of the container. The potential energy due to the surface tension
is given by

Vg = yj A+ (Up)HYE—1)dS, (2.25)

where 7y is the coefficient of surface tension.
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This gives
VB = pSCmn 77m 77n’ (226)
where

Conn = % (O pn ko _%Ejlmn ;0 + %Ehijlmn M= - s (2.27)

Eypn = 57 f (V-9 ) (V- V) dS,

(2.28)
Enginn = 57 [ [ @00 900 @090 W90, a5,
The Lagrangian is given by
L= pS)y (T-V,—Vp). (2.29)
By defining
w? = gk, tanh(k, d) (1 +A%k2), (2.30)

where w,, is just the natural (linearized) frequency of the nth normal mode, d is the
depth and A = (y/pg)"? is the capillary length, the Lagrangian can be rearranged into

L = %an(”i - wi 77?1) _%ZO 777; 77n + %almn 771 ﬁm ”n + %ajlmn 77]' 77l ﬁm ”n

+ 15 s50mn M W M W M+ 25%nigimn T Wi 05 M i T + %pEﬂmn 01 N M

_%[;Ehijlmnﬂhmﬂj”lﬂm”n-i_"" (2.31)

The higher-order terms in @y;,mn, pijimn> and Eyyp, Were not retained in the

previous work of Miles (1976, 1984, 1993), Umeki & Kambe (1989) and Umeki (1991).
At lower orders, the formulations are in agreement.

3. Derivation of evolution equation

The evolution equation for a single principal two-dimensional mode (along with its
associated harmonics) will now be found, where there are no internal resonances.
The container oscillates as

z, = ¢’fcos 2wt (20?|f] < g), (3.1

where 0 < ¢ < 1 is a small parameter.
It will be found useful to put

f=fi+ €+ 0@, (3.2
where f arises in the O(e*) equation and the perturbation f; from this value arises in
the O(c®) equation.

The generalized coordinate of the nth mode is written as (with » not summed)
7,() =6, , €a,(p(7,,7,, €) cos (wt) + (7, 7,, €) sin (wt))
+6%a,(A,(1,,7,) cos Qut)+ B, (1,, 7,) sin Quwt) + C, (74, 7,))
+é*a, (D, (1,,7,) cos Bwt)+ E, (1,, 7,) sin Bwt)+ F,(1,,7,)) + O(e*), (3.3)
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where the terms in p and ¢ arise only for the principal resonant mode (n = 1),
7, = 2wt, 7, = ¢'wt are dimensionless slow time variables, taken to be independent,

l,n=1

= 1/k,tanh(k,d) and §,,= {0 n 1

Only n = 1,2 and 3 need to be considered here. Later (see equation (4.1)) p and ¢ will
be expanded in a series in ¢® to emphasize the multiple timescales present in the
problem.

Substituting (3.1), (3.2) and (3.3) into (2.31), and averaging over a 2n/w interval of
t, gives:

1/0 0 1 2
<L>=a=;wze4[§(afq aqp)+42( —%)(p2+q2)+ Jy (7 qZ)]

1
+ad w?et [(

+3w’e'a) a,[(ay, _%anll) {4,(p*— q°)+ 2B, pq}+3a,,,(p*+ q°) G,

w? w?
4(:2> (Afz + Bi _2—(:2 Ci:| +31_2w2€4a% ‘11111(1’2 + q2)2

2
+§a3w26“[ap q— aT f - (p qz)] ea Ey (P +4°)°
2

p9 q’fo’ w’{wn’an}n=1,2,3’ {An’ Bn’ Cn}n=1,2,3’ {Dn’En’ n}n 1,2,3

6
+e X | {aymn ajlmn}j,l,m,n=1,2,3’ 111125 111210 Gr12110 Frz111s Fo1111 G111

dp 9q p oq
p,7,g,E1111,E1113,E1122,E111111,a7_ a‘rl ar,’ or,

+0(), (3.4)

where repeated indices are summed over the set of participating modes and X is a
highly complicated O(1) expression that occupies many pages in MAPLE and which is
omitted here for brevity. The ordering in (3.4) is based upon (w®—w?)/2w* = O(c?)
which selects the single principal mode being considered from this point onwards. In
(3.4) there is summing over n = 1,2,3. From Hamilton’s principle, (L) must be
stationary with respect to variations of 4,,B,,,C,,D,, E,, F,. At O(¢*) the averaged
Lagrangian is made stationary with respect to variations in 4,,, B,,, C, (e.g. by solving
o(L)/0A, =0 for A4,). This gives (with n not summed)

A, By = (1) g 1 t_g2
( n n) 4a 4(1)2 (alln 4an11)(p qa P‘I)
3.5)
a’vla,
Cu= AL ().

Equations (3.5) are then substituted into (L)>. At O(¢")<{L)> can then be made
stationary with respect to variations in p and ¢, which gives evolution equations in p
and ¢ for 7, variations. These are the same equations as derived by Miles (1976, 1984),
namely

A o .
27=_/¢A+1.QA+1FOA*+1H|A|2A, (3.6)
1
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where 4 = p+1iq, and u is the coefficient of linear damping (artificially introduced at
this stage) on the timescale 7,. Also,

a, o} 9A%a, gkt
= ~-}a§k§+a§a2k‘{+8;20)1§{1 +a§k§}2+_l6:uf !

2\—-1
o (1-2) a-2ma k-l 6)

is the coeflicient of the cubic (Stokes) frequency modification (in agreement with Miles
1984) and

2
Q=12(1—%>, E)=2—f° (3.8)

€ a,

(Note that the introduction of the linear damping term in (3.6) can be explained by
using an appropriate dissipation function: see Milner 1991; Miles 1993).

Trivial and non-trivial equilibrium solutions of this can be found, and their local
stability analysed (see e.g. Nagata 1989). Hysteresis is found as shown in figure 2(a) for
IT > 0. When [T < 0, the lower hysteresis boundary is to the right, not to the left, of
the neutral stability curve. Clearly, no non-trivial equilibrium exists for

F<m (39)

a result sometimes at odds with experimental evidence, as already mentioned.
The above equilibrium is found by putting

p+ig=ae’, (3.10)
which gives

2 an1/2
cos20 = EL LV gngg £
’ ° (3.11)
QA

I

for the non-trivial solution. In §4(a) we shall perturb about this equilibrium on the line
in forcing-frequency parameter space given by

F=up ow<o,. 3.12)

That is, we shall take (3.11) and (3.12) as the basic solution about which perturbations
will be made.
The three eigenfunctions that must be taken into account are

mnx 2mmnx 3mnx

zﬁ1=\/2cos—l—, zﬁ2=\/2cosT, ¥ =1/ 2cos 7 (3.13)
corresponding to spatial eigenvalues (i.e. wavenumbers)
k=27, k2=§fl’f, k3=3an, (3.14)

where / is the length of the container. These correspond to the two-dimensional
primary near-resonant mode with m half-wavelengths within the channel length and its
second and third forced harmonics.
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The averaged Lagrangian is now made stationary with respect to variations in
D,,E,, F, giving

D. = — 20°pfy +30%ay,5, a1 p(P* —34%)
! a,90* —w?)

w'a, p(p*—34%)
8a,(40* — %) (90® — w?)

[16‘1%12 +8a,,5 0515 — 3a§11]

__7E1111 a, p(p*—39°)

80(90 —w?) , (3.15)
D,=0, (3.16)
@ w*p(p*—3¢°)
3= fgﬁ {a3111 + 1311 — 31151 — 30,133}
w'a} p(p*—34¢°)
Ry a2(4w12 0B O — )(4‘1112 y;1) (2839, — 60,53 — 3a,y,)
2 43
_ YE 1@ p(p*—3¢%)
8pai(9w®—wl) (3.17)
E. —— 20%qf, +30°a11,, 41 9(3p* — 4°)
! a,(90%—w?)
w'a, q(3pt—q%)
82 (40)21_‘10)21)) (9qu — 9 [16a3,;+ 84,1, a5, — 343,
2 2 1
_ YE1111 4, 9630° — %)
8pO00i—af) (3.18)
E, =0, (3.19)
a’ v*q(3 %)
E,= l—Eggu {G3111 + dig11 — 30131 — 30,113}
16a%(9?
‘at q(3p* —4°)
" 8a.a (4a)1 — ) (90— (4‘1112 —dyy4) (2039, — 64,55 — 3a5,,)
24 2
_ YE1343 93P —¢%)
8pa(9w® — a)g) ’ (3.20)
F=F=F=0 (3.21)

It should be noted that (3.15) and (3.18) have dependence upon the forcing. It is
these terms in f,, that result in differences between the coefficient of cubic forcing found
here and that given by Miles (1993), who omitted third harmonics.

Itis now possible to make (L) stationary with respect to variations in p and g at O(¢®).
This gives a second evolution equation

gTﬁ———(erlq) iF, A* — LA+ NA AP +iF (A +3]4P4%) —ihd |41, (3.22)
2

which must be made compatible with (3.6).
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Here

5 — _%un_ 3kiy 20idl), a3y, Wi —i+ a4 )

fo 4 16p0] * a,(4v]j—w])  a,(doi—0)\ 8ui a0}
44,150, 05 2 4,
adi—uD) 8t a,0t) O

S—
8w! a,w;

is the coeflicient of cubic forcing, F, = 2f,/a, is a small correction to the linear forcing
coeflicient, A is the fifth-order conservative nonlinear frequency shift, and N is a
coefficient of cubic damping (as in Miles 1993 ; Douady 1990; Milner 1991); this cubic
damping term is introduced artificially, as it is absent from the Lagrangian formulation;
however, the introduction of damping terms into the model could be done a priori by
the inclusion of a dissipation function, as in Milner (1991) and Miles (1993). The form
of the amplitude-dependence of the cubic forcing term is in agreement with Miles
(1993), though the coefficient (3.23) differs from Miles’ (1993) coefficient (B 3); this is
because Miles only considered the first and second harmonics in his calculation, while
we also considered the third harmonic. See Appendix C for a comparison between our
cubic forcing and that of Miles.

The inclusion of the third harmonic also resulted in our retaining the —iA4x?/8 term
which Miles did not derive; this is a small correction to the linear frequency shift term.
This term is numerically very small and can be neglected in (3.22) by including it
instead in (3.6). This results in the linear frequency detuning coefficient being replaced
by 2 —¢*u?/8 which is equivalent to a very small change in the origin.

The coeflicient 4, which derives from the expression X in (3.4), has been calculated
using MAPLE for the general case but is too lengthy to be given here, as it occupies
several pages of text. However, 4 simplifies in two limiting cases, namely zero surface
tension and infinite depth. For zero surface tension we find that

3k2R(x)

h= 2048(x2— 1)k — 1) (42— 1)

(3.24)

where
R(k) = 64 —66«>—4687x*+33170x%—101256«°

+ 162208« — 139 584«'2+ 61248« — 103688, (3.25)
k = cosh (k, d).
For infinite depth we find that

95()
h= 2048(1 +40)%(— 14+ 20)4(—14+3¢) (1 +¢)*’ (3.26)
where
S(c) = 432+ 1360¢ — 12663¢c% —34495¢3
+16144¢* —12444¢%—98272¢5 —47808¢7, (3.27)
14

In (3.26) the denominator is singular, as expected, at the second- and third-harmonic
resonant frequencies ¢ = } and 1 (where this theory will break down). Notice that as the
depth tends towards infinity in (3.24), and as the surface tension tends towards zero in
(3.26) then h—> —243/128.
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FIGURE 3. (a) h vs. depth for m = 23, [ = 0.7, A = 0.002. (b) A vs. capillary length for m = 23,/ =0.7,
d=0.013 52. (¢) hvs. m for d = 0.01352, I = 0.7, A = 0.002. (d) Closer view of (¢).

Figure 3 demonstrates how the full expression for 4 depends on depth, surface
tension and the wavenumber parameter m as defined in (3.13) for a particular example.
In figure 3(c), the missing parts of the graph correspond to second and third harmonic
resonances where |h] becomes very large and the ordering breaks down. Figure 3(d)
shows a ‘close-up’ view of the part of figure 3(c) which is encountered in the
experiments discussed in §5.

We now examine the compatibility of the two evolution equations (3.6) and (3.22),
and so determine the region of hysteresis.

4. The lower hysteresis boundary
This section estimates the lower hysteresis boundary by analytically determining the
curve above which finite-amplitude stationary solutions exist. The next section
investigates this boundary computationally.
4.1. Solution near F = u
For steady solutions (04/0r,)+ €*(0A4/0r,) = 0, it is useful to apply the expansion
p+ig = u+iv+eX(r+1is)+ O(e?). 4.1)
Combining (3.6), (3.22) and applying (4.1) gives at O(1)
—pCHiQC+IF, C*+iT|CPC =0, where C=u+iv 4.2)
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which results in constant equilibrium values for u, v (which are just those of (3.10) and
(3.11)). At O(e?), (3.6), (3.22) and (4.1) give

—uB+ QiB+ F,iB* +ill1{2(ru+sv) C+|C|*B}
+iF, C*+iF(C3+3|C|PC*)+ NC|CP—ihC|C|* = 0, (4.3)
where B = r+is and C is given by (4.2).

At leading order, the lower boundary of the hysteresis region is given by (3.12), on
which the amplitude C is

Q
IC|? = I phase (C) = jn (or3m). (4.4)

Substituting (4.4) into (4.3) and looking for equilibrium solutions gives rise to
consistency conditions of the form

Q— Q4+ r ¢
(can —aZ)()=() “
where ¢ and d are given by
c+id = iF, C*+iE(C*+3|C[2C*)+ NC|C*—ihC|C|*, (4.6)
with C = +(—Q/I)"?e™* from (4.4).
Clearly, for (4.5) to have a solution it is necessary that ¢ = —d. This gives rise to
sFa =1, = B2 (N4 2F, @)

which is valid for w < w, (for 1T > 0). Notice that the /4 term does not contribute here
because ph(C) = i, 3m; accordingly, this result is exactly the same as that obtained
from (1.3). Equations (3.2), (3.8 ), (3.12) and (4.7) together give the lower boundary of
the hysteresis region as

€2 ~ .
F=u+ S22 (V+2F) +0(e), (4.8)

This gives hysteresis below F = y (for 2 < 0 when 7 > 0, and for £ > 0 when I7 < 0)
whenever N+ 2!:7;, >0, but it gives the lower hysteresis boundary above F=pu
whenever N+ 2F; < 0.

It will be seen in §5 that our model gives better quantitative agreement with
experimental observations than any previous theoretical model, the principal reason
being that the fifth-order conservative term in (3.22) causes significant bending of the
lower hysteresis boundary. Calculations extending (4.8) to next order in & (see
Appendix D) give

2 Q I 4 Q* L' 772 I 20)2 6
F=u+e —ﬁ(N+2E,)+e W(M{,H (N4+2F)+2r%Q% + O(c°). 4.9)
Clearly, the fifth-order conservative term is responsible for bending the lower hysteresis
boundary through the A2Q2* term. Although this calculation is only valid near to the line
F =y, it supports the computational results of §5.

4.2. Solution near minimum of neutral stability curve

The lower hysteresis boundary has often been observed to bifurcate from the neutral
stability curve at a point away from the minimum, and for there to be hysteresis
beneath the minimum of the neutral stability curve at 2 = 0. Clearly (4.8) does not
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model this behaviour, since the bifurcation from the neutral stability curve
(F* = pu*+ Q% appears to occur at Q2 = 0, but the scalings break down when 2 ~ O(¢?).
With a change of scalings, however, these features can be found in our evolution
equations. We now rescale so that

Q=eQ, N=¢ll, F=u+eF, (4.10)
and replace (4.1) with

p+ig = u+iv+e(r+is) + (U +i1V)+ O(6°). .11
These changes correspond to an analysis near to the minimum of the neutral stability
curve. Note that (3.6) gives equilibrium solutions
—QF(F—p")"* _o(—9, +(2uF)"?)
J7j B Jij ’

|47 = 4.12)

so that the rescaling of I7 ensures that A (and hence C) remains O(1).
Applying the above scalings to our evolution equations and supposing that
dA4/d: = 0, gives
O(l): 0=—uC+iuCH*,
O(e): 0=1iQ, C+ill,|C]*C—uB+iuB*,
O(e%): 0= N|CPC+iF(C*+3|C|2)C*) —ih|C[*C+iF,C* 4.13)
—uD+ipD* +iQ, B+ill,|C|*B
+2ill, C(Re BRe C+Im BIm C),
where C = u+iv, B=r+is, D = U+iV.

At O(1) we have that phase (C) = jn, —3r as in (4.4), though the amplitude of C is
left undetermined. At O(¢) we have

p(r—s) = —u(Q2, + 211, v%). 4.19)
At O(¢®) we have ' '

(—,u /L) (U) _ (—2Nu3—4[z;, W —A4hu® + Q, s+ 211, u*(r +25)— F, u)
u —u)\V —2NuP—A4F i +4h’ — Q, r =211, v*(2r+s)— Fu)’
The consistency condition on (4.15) along with (4.14) gives
ul4IT% u* + 4>(IT, Q, — p(N+ 2E)) + Q2 —2F, ] = 0. (4.16)
The non-trivial roots of (4.16) coalesce when

_(V+2R) (N +2F)
1, ! 21, )

(4.15)

F, (4.17)

which is the lower hysteresis boundary. For (4.16) to have real non-trivial roots it is
also necessary that

Q< ’IM for 11, >0,
b (4.18)
or Q, > MN+2F) for II, <0.
Hl
The equation for the neutral stability curve under these scalings 1s
F = i (4.19)

1_5/;-
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Solving (4.17) with (4.19) gives the point of bifurcation of the lower hysteresis
boundary from the neutral stability curve. This is

MN+2k) )

Q= 7
1

(4.20)

Equation (4.17) gives rise to a lower hysteresis boundary similar to (4.8), but shifted
slightly; this correctly gives rise to a tangential bifurcation from the neutral stability
curve, whereas (4.8) incorrectly meets the neutral curve at an angle at £, = 0. This
bifurcation point agrees with the corresponding result of Craik & Armitage (1995).

4.3. Solutions close to neutral curve for  ~ O(1)

We now assume that I7 = ¢*IT where 7 is O(1).
Applying the above rescaling and (4.1) to our stationary evolution equation gives

0(1): —uC+iQC+iF,C* =0,
O(e®): ~puB+iQB+iF, B*+ill|C|*C+iF, C* (4.21)
+N|CRCH+iF, I(C*+3|CPC*)—ih|CI*C = 0,
where C = u+iv, B = r+is. Note that the coefficient of cubic forcing is now taken to
be FI' = F,I'+ O(¢?), in line with Craik & Armitage (1995).
From the O(1) equations we have
E) — (/1,2+.Q2)1/2,
p—iQ 4.22)
iF,

210 __

phase(C) =6 wheree”
The O(¢®) equations give
—u  —Q+F, (r) _(ReQ)
(.Q+E] —p s/ \ImQ)’ (4.23)
Q = —[ilI|CPC+iF, C*+ N|CPCHIF, I(C3*+3|CIP)C*)—ih|C|*C] (4.24)

and ph(C) is known from (4.22).
As the determinant of (4.23) is zero, we need

(Q+F)ReQ+uImQ =0, 4.25)

Re[(1—-€*) Q] =0, (4.26)
using (4.22).
This gives the trivial solution and also a quadratic equation in |C|* which has roots
A+ (A*—4hQF,(u?+ Q%)17)1/2
2hQ2 ’ @.27)
where A = QIT—pN—2I(2Q%+ p).
The roots of (4.27) coalesce at the lower hysteresis boundary, where

(QIT— uN—2IQ2Q% + p?))?
QP+ Q) ‘

where

which is equivalent to

ICP =

F, = (4.28)
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FIGURE 4. Lower hysteresis boundaries predicted by (4.31). Parameters p = 0.1, I'= 1.1,
€?=0.047, 2, =005 h=-0.1, —02, —0.8.

bif

It should be noted that for hysteresis it is necessary that F; < 0 which implies that
hQ < 0.

It is also necessary that the right-hand side of (4.27) must be positive. If 22 < 0 then
it is necessary that 2 < Q_ or 2 > Q, where

I +(IT2— 16T u(N +2uI))*?

2, ’r ’

(4.29)

assuming I" > 0 (which is generally true - see Appendix C). Solving (4.28) together
with the expression for the neutral curve shows that both £_ and , correspond to
bifurcation points. Substltutlng n=rn /€® into these bifurcation pomts and expanding
in a Taylor series gives

€ & ~
2_=“LWN+our) =SL+25), (4.30)

which is identical to (4.20), and Q. = O(1/¢*) which is probably spurious.

The behaviour of the lower hysteresis boundary near to the bifurcation point can be
examined by putting Q = Q,,.+4 in (4.28), where Q,,, is the frequency offset
corresponding to the bifurcation, and |4| < |€2,,/. Then

AT —81'Q,, )
A7y (WP + 22,

F, = +O(4. 4.31)

Therefore as |h} decreases, the lower hysteresis boundary will move more quickly away
from the neutral curve. This result seems paradoxical; but since the scaling requires 4
to be O(1), no singularity is expected as |4 - 0.
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Equation (4.31) is significant because it shows the fifth-order conservative term
appearing in an expression for the lower hysteresis boundary at the lowest possible
order, and this expression describes the lower hysteresis boundary at a point that is
near to the neutral curve. So the fifth-order conservative term is playing an important
role even close to the bifurcation point. It will be seen in the next section that the fifth-
order conservative term also has large effects on the lower hysteresis boundary far from
the neutral stability curve.

Figure 4 shows possible hysteresis diagrams produced from (4.31) near to the
bifurcation point. It can be seen that increasing || again causes an increase in the
upwards curvature of the lower hysteresis boundary, though not for the same reason
as in (4.9). Note that || < 1 would give downwards bending, but sufficiently small A
values are ruled out by scaling assumptions. (Though (4.27) has simple poles at both
2 =0 and & = 0, this subsection has assumed that £2 and 4 are O(1).)

5. Numerical work
Equations (3.6) and (3.22) give the composite equation

gé— 2 %+€2%
dr ew 0T, A
= e 0(—puA+iQA+i1FA* +ill|A|*4)
+e4w(N|A|2A+iF(A3+3 |4|24*)—ih|A|*4) = 0, 6.1

where the forcing expansion (3.2) has not been applied, and the small shift in the origin
caused by the linear frequency detuning term in (3.22) has been ignored. Equation (5.1)
has been examined computationally using a FORTRAN NAG routine. The model equation
(1.3), previously discussed by Craik & Armitage (1995), which omits the A-term, has
also been investigated numerically.

In order to compare theory with experiments, it is necessary to determine the scaling
parameter ¢* and to estimate N. Using (3.1), the r.m.s. acceleration is given by

w [ 1/2
(— J (40e*f)* cos® 2wt dt) = 24/ 20%?. (5.2)

2n J,
At the minimum of the neutral stability curve F = 2f/a, = u. Therefore

[0

2 o~
S '\/zalw%’ (53)

where « is the experimentally observed r.m.s. acceleration at the minimum of the
neutral stability curve. Without loss of generality, we choose x =1, so that (5.3)
gives €2. For the experimental observations shown in figure 1, this gives ¢* = 0.047 for
the 22 half-wavelength mode. (The choice of x =1 is equivalent to expanding the
evolution equation in terms of a linear dissipation parameter €%u.)

Equations (5.1) and (1.3) were each solved numerically by searching for the value of
the forcing F that corresponds to the disappearance of finite-amplitude equilibrium
solutions, for various chosen frequencies 2. A comparison of the hysteresis diagrams
resulting from three different models is shown in figure 5. There are two possible
choices for the coeflicient of cubic forcing, namely

@ F=/ or G B=/T, (5.4)
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FIGURE 5. Existence of finite-amplitude fixed points for four different models: (@) our model (5.1) with
F,, (b) our model (5.1) with F,, and (c) equation (1.3) with £ and (d) equation (1.3) with £, for
N =1.57. Parameters are m =22, [ =0.7, d=0.01352, A =0.02, p =1, N =2.43 except in (d),
=0047, h=-21,11=025 TI=1.1.

1.5 e Neutral stability curve

1.0

0.5 .

FIGURE 6. Existence of finite- amplitude fixed points for six different values of N.
Other parameters as in figure 5.

where I' is the expression in square brackets in (3.23). Cubic forcing coefficient E is
likely to be the physically more realistic case where it is taken to be proportional to the
actual linear forcing f, rather than its fixed value f, = {ua, at the minimum of the
neutral stability curve. Figure 5 shows four lower hysteresis boundaries, for (a)
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FiGure 7. Existence of finite-amplitude fixed points for four different values of €.
Other parameters as in figure S.

equation (5.1) with cubic forcing given by E,(b) equation (5.1) with cubic forcing given
by £, (¢) equation (1.3) with cubic forcing given by £ and (d) equation (1.3) with cubic
forcing given by F, but with the coefficient of cubic damping chosen so that the
boundary coincides with (a) vertically beneath the minimum of the neutral curve.

It can be seen that the effect of the fifth-order conservative term in (5.1) is to bend
the lower hysteresis boundary and to shift the minimum in the lower hysteresis
boundary to smaller values of the frequency £2. Bending of the lower hysteresis
boundary was seen also in §§4.1 and 4.3 and Appendix D, again caused by the fifth-
order conservative term. Craik & Armitage (1995) pointed out that choosing the
coefficient of cubic forcing to be F, rather than E, (see (5.4)) will cause the lower
hysteresis boundary to bend. Comparing the three lower hysteresis boundaries in figure
5, it can be seen for this example that the presence of the fifth-order conservative term
curves the lower hysteresis boundary far more than the effect produced by using F,
instead of F,.

The effect of varying the coefficient of cubic damping N is shown in figure 6 for a
depth of 1.3 cm. These graphs show our model (5.1) along with F, (from (5.4)) for six
different values of N. The line for N = —5 shows the type of diagram that Douady
(1990) used to explain his observations, where hysteresis was not found, while the lines
with N > 0 show hysteresis similar to that observed by Simonelli & Gollub (1989) and
Craik & Armitage (1995).

Figure 7 shows the effect on the lower hysteresis boundary of varying e* As
expected, as €® tends towards zero, the hysteresis boundary approaches the horizontal
line F = pu.

Figure 8 shows the experimental data plotted on the same diagram as the lower
hysteresis boundaries predicted by our model (5.1) with £, for a variety of values of
the coeflicient of cubic damping N, where the other coefficients have been chosen to
match the experimental situation at depth 1.3 cm. This allows a value of N to be
selected which gives the best agreement between theory and experiment, and hopefully
this gives a good estimate of the parameter. (Milner (1991) and Miles (1993) offer
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FIGURE 9. Comparison between theoretical and experimental lower hysteresis boundaries for a water

depth of 1 cm, showing the

boundaries predicted by our model (5.1) and by equation (1.3), as well

as the experimental lower hysteresis boundary and neutral stability curve, for acceleration (m s™%)
against period (ms). Parameters are N =—0.43 (—0.68 for equation (1.3)), u =1, h=—0.85,

I=-082,I=217,&¢=0

053.

analytical expressions for N, but both rely upon assumptions that do not hold in our
case.) However, it can be seen that there is not a unique theoretical curve which best
agrees with the experimental results, and the choice is subjective.

The ultimate test of this paperis whether our model gives significantly better agreement

with experimental resul

ts than the previously most accurate model. A comparison is
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made, here and in §6, between our model (5.1) (with cubic forcing given by Fl) and with
experimental results, for all three depths for which observations are available. The
results are shown in figures 9 and 10. For both models, and for each depth, the
coefficient of cubic damping N used in the computations was selected to give the ‘best’
agreement between that model and experimental results. The criterion used for this
selection (except in figure 10(c) — see §6) was to choose the value of N which fixes the
theoretical lower hysteresis boundary at the same point as the experimental boundary
when Q =0, i.e. vertically beneath the minimum of the neutral stability curve.
Obviously other criteria could have been adopted.

Figure 9 shows the comparison between theory and experiment for the 1 cm depth
case. The experimental results for figure 9 come from Craik & Armitage (1995) (22
half-wavelengths). Two things should be noted about the 1 cm depth case. First, the
coefficient IT has changed sign from the 1.3 cm depth experiment, and this results in a
qualitative difference. Secondly, the minimum observed in the lower hysteresis
boundary (see figures 5, 6 and 7) has been shifted into frequencies Q where it is
observed physically.

Figures 10(a) and 10(b) show the comparisons for water depth of 1.3 cm and 2 cm
(the 2 cm depth experimental results come from the 22 half-wavelength observations of
Craik & Armitage 1995). The two graphs show the boundaries computed from (5.1) by
considering the existence of stationary points. Figure 5 shows that for the 1.3 cm depth
experiment, the lower hysteresis boundary calculated from (5.1) (line a) lies above the
boundary calculated from (1.3) (line 4), in the experimental frequency range. So we can
see from figure 10(a) that (5.1) gives better agreement with the experiment than (1.3).
The extra bending of the lower hysteresis boundary caused by the fifth-order
conservative term is the main cause of this improvement. Similarly, the 2 cm depth
observations are closer to the boundary given by (5.1) than the boundary given by
(1.3).

Agreement between theory and experiment is satisfactory, but not spectacularly
good. In particular, the trend of the experimental results at the greatest periods (for the
two larger depths) is not well captured theoretically. The work of the next section
suggests why this is so.

6. Stability of finite-amplitude solutions

Stability of the finite-amplitude wave solutions will now be considered. If 4, is a
stationary solution of (5.1), and 4 = 4,+ B where B is small, then the combined
evolution equation becomes, upon linearization with respect to B,

B=—uB+iQB+iFB* +ill|A,)*B
+2iI14,(Re A,Re B+Im A,Im B) + 3ic*’FT' A% B
+€?N|A4,?B+2¢*NA,(Re A Re B+Im A,Im B)
+ 3i?FT"|A,|*B* + 6ic*FT'A¥ (Re A, Re B+1Im A,Im B)
—ic*h|A,|*B—4ie*hA,|A4,)* (Re A,Re B+Im 4,Im B). (6.1)

Expressing B in (6.1) in terms of real and imaginary parts as B = B, +1B, gives two
real equations. These can be rewritten in the form

(gr.) =M (ﬁr.)’ (6.2)

2 (2
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Hysteresis in Faraday resonance 261
where M is a two-dimensional real matrix. The characteristic equation of M is
¥+ 20 {u—2e*N|4,|*
+ut+ QP — FP4+3(e* N2+ [T — 66* T*F?) | 4,)*
+4(11Q — ue* N —36*T'F?) |A,)* + 2F | A | cos 2¢(6¢*QT — IT)
—2Fe®N|A,?sin2¢ +4€*Fcos 2¢ | A,)* (h+311T)
—12¢*FIh|Ay|®cos 2¢p + 186* FAI'® | 4,)* cos 4¢
— 126*NFT| A, |* sin 2¢p — 662Qh | Ay|* —8€*[Th | 4,|® + 5¢*h® |4,)* = 0, (6.3)

where ¢ is an eigenvalue so that B, and B, are both proportional to Ree”. This allows
the stability of finite-amplitude solutions A4, to be investigated, using the following
algorithm.

For a given value of the forcing F and frequency £, all stationary solutions A4, are
found numerically (see §5). Each of these in turn is substituted into (6.3), resulting in
a quadratic equation in o, for each stationary point. The stability of each stationary
point is determined by solving the corresponding quadratic equation and examining
the real part of the eigenvalues. If any of the available stationary points is stable then
the point (2, F) can be labelled as a stable point in parameter space. This is repeated
over a fine grid of (2, F) points, giving a stability diagram in the forcing-frequency
plane.

Figure 10(a) shows the results for the 1.3 cm depth experiment. Two regions are
identified: one region indicates the existence of stable finite-amplitude stationary
solutions (corresponding to self-stable standing waves); the other region describes
where the finite-amplitude stationary solutions are all unstable. The dashed line gives
the boundary between these two regions (this line is labelled the stability boundary).
This line bifurcates from the lower hysteresis boundary calculated in §5 near to the
point 2 = —0.5, F=(.76. Remarkably, the experimental lower hysteresis boundary
almost coincides with this theoretical stability boundary. Accordingly, here there is
very good agreement between theoretical and experimental results, when the stability
of equilibrium points, as well as their existence, is taken into account.

For the 1 cm depth observations, all finite-amplitude stationary points were found
to be stable. (This is because the estimated coeflicient of cubic damping is negative in
this case.) Therefore taking stability into consideration does not give an improved
theoretical prediction for the lower hysteresis boundary calculated in § 5, for this depth.

Figure 10(b) shows the stability diagram for the 2 cm depth experiment. Here the
agreement is not so good, with the experimental points following the lower stability
boundary, but continuing out of the stable region into the unstable region. However,
if the coefficient of cubic damping (which as explained in the previous section was
chosen in a rather ad hoc fashion) is chosen differently, then better overall agreement
with the stability calculation can be achieved. Figure 10(c) shows the stability diagram
for N = 3.7 (as opposed to N = 6.4 for figure 10b). Here the lower hysteresis boundary
calculated in §5 coincides with the lower stationary point stability boundary. In this
case, limit cycles were investigated as well as fixed points. This was done by numerically
solving the evolution equation (5.1) with a Runge—Kutta scheme, for a variety of initial
conditions. Figure 10(c) suggests that some of the standing waves observed in the

FI1GURE 10. Stability diagrams for water depths of (a) 1.3 cm (b) 2 cm with N = 6.4 and (¢) 2 cm with
N =3.7. Parameters are (@) N=243, u=1, h=—-2.1, =025 I=1.1, ¢ = 0.047, (b) and (c)
p=1h=-21,1T=042, I=0.59, ¢ = 0.047.
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FIGURE 11. Phase plane diagram for figure 10(c) at 2 = — 1.5, F=0.7.

experiment were stable limit cycles, rather than stable stationary points. An example
of stable limit cycles is given in figure 11, which shows a phase plane diagram for
2 =-—1.5, F=0.7. Physically a stable limit cycle corresponds to a standing wave
where the amplitude experiences a slow oscillation on top of the fast sinusoidal
oscillation of the wave motion. It can be seen that the limit cycles are relatively small
compared with the amplitude |4] = (p*+ ¢%)*/2, so this small modulation would not be
easily observed in an experiment. Further work is in progress on time-dependent
solutions of (5.1).

7. Conclusions

We have examined, both theoretically and experimentally, the hysteresis region
within which a flat surface or standing waves may occur, with Faraday excitation. We
have confirmed the important roles of nonlinear cubic forcing and damping terms,
previously incorporated into theoretical models by Miles (1993) and Craik & Armitage
(1995); but we also find that a fifth-order conservative frequency shift must not be
neglected.

The variational method due to Miles (1976) has been extended to allow the
coefficient of this term to be calculated. This involved a significant use of symbolic
computation. The Lagrangian given in §2 can be used in future to calculate the
coefficient of the fifth-order conservative term for different geometries and for multiple
wave interaction problems. We suggest that the fifth-order conservative term may also
be important in other fields of interest in Faraday resonance, for example, pattern
selection processes. Our derivation has also led to a correction of Miles’ (1993) estimate
of the coeflicient of cubic forcing.

We have not calculated the damping coefficients theoretically. However, we show
how the coefficients of linear and of cubic damping can be estimated from the
experimental data: but the latter estimate remains a rather subjective one. For depths
1.3 cm and 2 cm, our estimates show the cubic damping coefficient to be positive, and
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so opposite in sign to linear damping; but both damping coefficients appear to have the
same sign for the 1 cm depth. (A purely theoretical determination of the cubic damping
coeflicient is a difficult task that we have not yet attempted: but see Milner 1991 and
Miles 1993.)

The lower hysteresis boundary is normally the boundary above which any finite-
amplitude stationary points exist, since locally-stable stationary points are then usually
present. However, in some cases, these stationary points may all be unstable; then the
lower hysteresis boundary should correspond to the boundary of stability of the
stationary points. We have obtained local analytical results for the hysteresis boundary
in §§4.1-4.3. Global numerical results for a composite evolution equation are given in
§5 and questions of stability are treated in §6.

Good agreement between theory and experiment is achieved for our 1.3 cm water
depth case, when fixed point stability is taken into account. Agreement with the 1 ¢cm
and 2 cm depth observations of Craik & Armitage (1994) is also quite good: but, for
the latter, we conjecture that some observations may have corresponded to stable limit
cycles, predicted by our model, rather than to stable stationary points.

S.P.D. thanks the Engineering and Physical Sciences Research Council for their
support through an earmarked studentship.

Appendix A. Experiment

Experiments have been conducted using the same long rectangular tank as in Craik
& Armitage (1995). Standing waves of 21, 22 and 23 half-wavelengths were examined
in a Perspex tank of length 69.9 cm, width 2.82 cm and depth 7.7 cm which was
suspended from two flat springs, allowing only vertical motion. The tank was driven
by two vibrators, one near each end, connected in a series circuit. The circuit also
contained a control box for the vibrators (setting frequency and acceleration of
forcing), a counter to measure the frequency of oscillation and resistors to balance the
two vibrators. A plate accelerometer was used to measure the r.m.s. forcing.

The depth of water used was 1.352 cm (measured using a vernier scale telescope).
Fine controls on the legs of the base of the apparatus allowed the tank to be levelled.
Distilled water was used with Kodak Photoflow wetting agent (proportion of wetting
agent to water approximately 1:393) to reduce capillary hysteresis effects on the
Perspex walls and to avoid problems with inadvertent contamination of the surface. To
reduce evaporation, a lid was added. The accelerometer was used in conjunction with
the resistors to balance the vibrators by measuring the acceleration of the tank at each
end when no waves were present; the output of the accelerometer could also be
examined on an oscilloscope to check that the motion of the tank was sinusoidal.

A frequency of oscillation would be chosen with an initial acceleration that was too
small to generate waves on a flat surface. The forcing was then gradually increased with
an increment of about 0.01 m s™%, with this being maintained for at least ten minutes
each time before making a further change. When the forcing crossed over the neutral
stability boundary, then it took about ten minutes for the standing waves to slowly
build up from the flat surface. As in Craik & Armitage (1995), frequencies were chosen
so that three-dimensional waves that vary across the width of the tank were avoided.
Once a standing wave was obtained, the forcing was slowly decreased again until the
wave disappeared. This whole process was repeated for a range of frequencies.

Also a particular standing wave mode could be followed by slowly changing the
frequency of oscillation. In this way, the lower hysteresis boundaries were found to
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extend beneath the neutral stability curves of neighbouring wave modes. As the
frequency was further altered, the standing wave would suddenly jump to another
mode with one less half-wavelength.

Figure 1 shows the experimental results for 21, 22 and 23 half-wavelengths. These are
similar to the experimental results of Craik & Armitage (1995) for their 2 cm depth
case, but unlike the results of their 1 cm depth case.

Appendix B. An example of the derivation of (3.22)

The derivation of (3.22) is very algebraically demanding. It has been performed using
the symbolic manipulation package MAPLE and the algebra covers several hundred
pages. The average Lagrangian (3.4) has not been given fully in this text and the 4
coeflicient in (3.22) has not been given except for two limiting cases. Here we will show
the derivation in more detail by choosing a particular numerical example. The
parameters chosen for this are m = 23 half wavelengths in a channel length of
[=0.7m and depth 4 = 0.01352 m. The capillary length is taken to be A = 0.002 m.
Taking (2.30) and (3.14) gives the natural frequencies and the wavenumbers of the
primary mode and its harmonics. These can be used to calculate (2.20) to (2.23).
Substituting (3.1), (3.2) and (3.3) into (2.31), averaging over a 2n/w interval of ¢ and
using (3.5) gives

(L) =Terms in ¢* already given in (3.4)

+€°10™ {0 614(27‘1) —g—q >+0.635(p2+z]2)3
2

+0. 307((a”) +(a‘1) ) 0.614F2—0.137F2—0.0712F?
or, or,

+56.1,(p*— %)+ 61.2f,(p* — ¢*) + 112f,(pD, + ¢E,)

+p(1.30D, —0.189D,) (> — 3¢%)

+¢(1.30E, —0.189E,) (3p*— ¢?)

+2.46(D2 + E%)+0.176(D} + E2) +0.0353(D2 + E2)

+0.563(p +¢%) (a—pq—g—q )}
1 T1

+O(eb). (B1)

This corresponds to (3.4) with (3.5) substituted into it.

Note that w = w, in (B 1) since it is not necessary to have the 4 coefficient dependent
upon w. We are interested only in stationary solutions here so put dp/dr, = d¢/or; = 0.
The average Lagrangian can now be made stationary with respect to variations in D,,,
E_ and F,. When these expressions are substituted back into the Lagrangian it becomes

(L) = terms in ¢*

+¢°1078 {0.614 (aaf —éaip>+ 31.71(p* — g%

2
—0.211(p + %) — 0.0384u%(p* + g%) + 56111 (pz—qz)}

+0(eY). (B2)
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This gives the evolution equation (i.e. (3.22) and (3.23) without N-term)

O _ 1831, g+ 206f, ° — 2.07q(p*+ g°)2 +0.1254%,

07,
(B3)
aaTq = 183f, p+206f, p* + 2.07p(p* + ¢*)*—0.1254p,
2
which therefore gives A = —2.07 in this case. The last term in each equation in (B 3) is

a small frequency shift term. This type of term has already appeared in (3.6) and it can
be absorbed into 124 to cause a shift in the origin on the hysteresis diagram. (Since the
coefficient is very small this shift will be negligible.) Note that the dependence upon the
coefficient of linear damping comes from (3.85) and (3.12).

Appendix C. Comparison with Miles (1993)

The cubic forcing coefficient calculated in Miles (1983) differs from the one
calculated here (3.23) because Miles considered the first and second harmonics, but not
the third harmonic. We find that there are two contributions to the cubic forcing: a
cubic interaction between the first and second harmonics and the forcing (which Miles
(1993) included), and a quadratic interaction between the third harmonic and the
forcing (which Miles (1993) omitted). (However, it should be pointed out that the extra
work in calculating the quadratic interaction between the third harmonic and the
forcing is considerable, and if Miles had carried out this calculation then he would have
been in a position to calculate the fifth-order conservative term as well if he had
chosen.)

We can rewrite our expression in terms of depth, surface tension and wavenumber
parameters, so as to enable comparison with Miles’ (B 3) expression. In the limiting
case of zero surface tension, we get for our expression

7 (4 cosh®(k, d)+3) (4cosh®*(k, d)—1)

=/k, 16 tanh (k, d) (cosh® (k, d)— 1)? €h
and for Miles” coefficient
~ _ tanh (k, d) (4cosh® (k, d)—1)
Frsives = IRy 4 cosh?(k, d)(cosh?(k,d)—1) €2
For the limiting case of infinite depth, we get
~ 16g° +9g%yk? + 6gy?k; +40y°k®
F= , C3
T T+t ) (g —2K27) (g + 4k2) €3
while for Miles’ coefficient
~ (g +ykD)*
o=
e = s (g TaykD) (g~ 2D ©9

where y = v/p.
Notice that as the depth tends towards infinity in (C 1) and (C 2), and as the surface

tension tends towards zero in (C 3) and (C 4), then all four of the above expressions
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Our model
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FIGURE 12. (a) Coefficient of cubic forcing given by (C 1) and (C 2). (b) Coefficient
of cubic forcing given by (C 3) and (C 4).

tend towards fk,. Figure 12 shows how our coefficient compares to Miles’ coefficient
over a range of depths and surface tensions.

Appendix D. The bending of the lower hysteresis boundary by the fifth-
order conservative term

It has already been remarked in § 5 that the fifth-order conservative term is found to
bend the lower hysteresis boundary in computational studies of the evolution equation
(5.1). Here the local analysis of §4.1, which gave an expansion for the lower hysteresis
boundary (4.8), will be extended in order to demonstrate this effect analytically.
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Evolution equations (3.6) and (3.22) have already been determined. If one is justified
in neglecting the fifth-order damping and forcing terms as well as the seventh-order
conservative term (which we do for simplicity), then the next evolution equation in this
sequence is

04 o e imoas 2 (%
57—3= F, A*+1F (4% +3]4]°4%), D1
where F, = (2/a,)f, and F, = f,(F,/f,) are small corrections to the linear and cubic
forcing coefficients respectively, with the forcing now expanded as

f=ft+efi+ef+ 0. (D 2)

Note that a third slow time 7, = ¢*w? has been introduced.
Now we perturb about (3.12) and (4.8). Equation (4.1) is extended to

p+ig = u+iv+e¥(r+is)+e*(R+1S)+ O(e). (D3)

Again C = u+iv, B=r+isand G = R+iS giving (4.2) to (4.8). At the highest order
the system of equations takes the form

o —an)(s)=(0)
= , D4
(—Q+,u —Q—u/\S 0 (D4
where P and Q are known functions of (u,v,r, ).
From (4.5),
_c—(Q2+p)s
R (Q * p). (D5)

Putting (4.7) into (4.6) gives

hQ? (—20Q\V2

For (D 4) to be consistent, we require that P+ Q = 0. This is, however, a single
equation in two unknowns, namely F, and s, if (D 5) and (D 6) are substituted into
P+ Q = 0. We require to find F,, but clearly we cannot do so while s remains unknown.

Now we can write

r+is = b, exp (—3im)+ b, exp (in). (D7)

The second component of (D 7) lies along u+iv since phase (+iv) = 3n. Therefore b,
contributes only to an infinitesimal change in |C| = (—£/IT)"? and so an infinitesimal
change in Q. So, we may choose to set b, = 0, effectively without loss, to obtain

c hQ? [ —20Q\'?
Then, phase (r +is) = —n, the component b, being orthogonal to u+iv.
The calculation which gives (4.9) is readily completed, using
. RO -
F="p (N+2F) DY)

which comes from (3.8), (3.12) and (4.8).
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